
Review Problems 3: Graphs

I Graph Sketching • II Tangent Lines

I Graph Sketching

The biggest problem with graph sketching has been getting the derivatives right. Since the
function is often a rational function involving some root, there is a certain pattern in the
manipulations that you have to do. I’ll illustrate that with f(x) =
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Usually you have to do the same kind of manipulations to make the second derivative doable:
getting rid of fractions inside fractions, getting rid of roots, factoring out common factors from
top and bottom. Make sure that you can do this.
Sketch the graphs of the following functions, doing all the usual stuff:

1. a) f(x) = x3 − 3x + 2 b) g(x) =
1

x2 − 1
c) h(x) =

x3 − 4x

x2 − 1

2. a) f(x) =
x2

√
x + 1

b) g(x) = e1/x c) h(x) = x2/3(x− 1)

Asymptotes
Recall the different types of asymptotes:

• Vertical asymptote x = a: if we have one or more of the four limits lim
x→a±

f(x) = ±∞.

• Horizontal asymptote y = L: if we have one of the two limits lim
x→±∞

f(x) = L.

• Slant asymptote y = mx + b: if we have one of lim
x→±∞

(f(x)− (mx + b)) = 0.

Note that if you have a horizontal asymptote for x → ∞, then you no longer have to look for
a slant asymptote as x →∞ (ditto for x → −∞).

• For a rational function p(x)
q(x)

, the vertical asymptotes are the x = a such that q(a) = 0.

There is a horizontal asymptote if the degree of p(x) is ≤ the degree of q(x), and then it’s the
same for x →∞ and x → −∞, and you can tell what the asymptote is from the coefficients.
Finally, there is a slant asymptote if the degree of p(x) is one more than the degree of q(x),
and you can find it using polynomial long division.

• For any other functions, you can find vertical asymptotes if there is division by 0 somewhere;
the only other way to have a vertical asymptote (for the functions that we have seen) is when
there’s a ln(x) (or tan(x), sec(x), etc., but those are just division in disguise, ln(x) is really
different).
To find horizontal limits, you only have to do the two limits lim

x→±∞
.

Slant asymptotes you’ll only be asked to find for rational functions; for other functions you
need to play with the limit.



Find all the asymptotes of the following functions:

3. a) f(x) =
2x3 + 1

x3 + 3x2 + 2x
b) g(x) =

x3 + 10x2 + 3x + 1

x2 + 4
c) h(x) =

x3 − 7x + 6

x3 − x

4. a) f(x) =
x3 + x2

x2 + 1
b) g(x) =

x + 2√
x2 + x + 2

c) h(x) =

√
x2 + 2

x− 1

II Tangent Lines

Tangent line questions are often in the ’unpredictable’ part of the exam. Here is an assortment
of such questions.

5. Find points on y = 2x3 + 3x2 − 12x + 1 where the tangent line is horizontal.

6. Show that y = 6x3 + 5x− 3 has no tangent line with slope 4.

7. Find an equation of the line that is tangent to y = x
√

x and parallel to y = 1 + 3x.

8. Find an equation of the normal line to y =
√

x2 + 3 at the point (1, 2).

9. Find an equation of the line that is normal to y = x2− 5x + 4 and parallel to x− 3y = 5.

10. Find the tangent line of y = x3 + 7x2 − 2x + 3 that is not parallel to any other tangent
of that graph.

11. At which points on y = 1 + 40x3 − 3x5 does the tangent line have the largest slope?

12. Find all points on the curve x2 − xy − y2 = 3 where the tangent line is horizontal.

13. Find the points on the curve x2y2 + xy = 2 where the slope is −1.

The hardest type is the kind where the wanted tangent line should go through some other
point, but that point is not where the line is tangent to the graph.
There’s several steps to go through: set up the equation of a line, make it go through a general
point (a, f(a)) on the graph, make it tangent there by giving it the right slope, and finally make
it go through the given point, which will let you solve for a. What makes it extra tricky is that
you can do these steps in different orders, and sometimes there is a big difference in which is
easier (see Q9 on Midterm 1 for an example).
Here are some examples; the last four are harder.

14. Find all tangent lines of y = 3x2 that pass through (2, 9).

15. Find all tangent lines of y = x2 + x that pass through (2,−3).

16. Find all tangent lines of y = x
x+1

that pass through (1, 2).

17. Find the line through (0, 2) that is normal to y = x2.

18. Consider the graph y = 1 + ex. If the tangent line at a point (a, b) on this graph passes
through (0, 0), find an equation for a (not involving x or b). Now show that this equation
has exactly one solution, so the graph has exactly one tangent line passing through (0, 0).

19. Show that there are two lines through (0, 2) that are normal to y = 1
x
.

20. Find the line that is tangent to both of the graphs y = x2 and y = x2 − 2x + 2.

21. Find the two points on y = x4 − 2x2 − x that have the same tangent line.


