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Cost, Revenue and Profit

C(x), R(x), and P(x);
profit M P(x).

marginal

cost MC(x),

marginal

1. Profit is the difference between cost and revenue: P
2. Break-even point: P(x)

=

revenue MR(x),

=

and marginal

R - C.

0

3. Marginal profit. If MP(x) > 0 then it's profitable to increase product level x, otherwise it's profitable to decrease product level if M P(x) < O.
4. Demand.
R=pq.

if q items are sold (i.e., the demand is q) at the price p, then the revenue is

5. Elasticity of demand. If q is a function of p, i.e., q = q(p), then ~~
define elasticity of demand
E(p) = _ P. dq .
q dp
(a) E(p)

> 1 '* ~~< 0, the demand is elastic;

(b) E(p)

< 1 '* ~~> 0, the demand is inelastic;

=

q+ p~.

We can

Ex 1.1: The quantity q (in liters) of vodka sold per day in a small town depends on the
price p of vodka in dollars per liter, so we can write q = f(p).
You are given that
f(30) = 100 and 1'(30) = -3. Let R = R(p) be the daily revenue from vodka sales as
a function of p. Calculate R'(30). (2002)
Ex'1.2: The elasticity of demand E(p) is defined by E(p)

_P. dq,

where p and q denote
qdp
the price and the demand of a product. Suppose that the price p of a certain product
is $100 per unit, the demand q is 300 units, and the instantaneous rate of change of
demand with respect to price at p = $100 is -0.3. Will a small increase in price result
in a decrease in revenue or an increase in revenue? (2005)
=

Ex 1.3: Assume the demand equation for a certain product is given by q + p2 = 300, where
q is the quantity demanded and p is the unit price in dollars. For what values of pis
the demand elastic? (2000)
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Limits and continuity

2.1

Limits

Most limit problems are related to functions in the form of ~~;~ .

• If g(a)

i-

0 then lim f(x)
x->a

=

g(x)

f(a)
g(a)

• Otherwise g(a) = 0 then
- if f(a)

=

0, then lim f((X)) is a indeterminate
x->a

9

common factors (i.e. (x - a)) until f(a)
- if f(a)

i- 0,

form, we need to cancel some

X

i- 0 or g(a) i- O.

then the function ~~;~ has a vertical asymptote

at x

=

a.

Some useful formulas in factorizing polynomials:

(a3 ± b3) = (a ± b)(a2 =F ab
(a2
If an indeterminate
some terms.

2.2

-

+ b2)

b2) = (a + b) (a - b)

form involves roots, we need to get rid of the root first by multiplying

Continuity

A function

f (x) is continuous at x

1. a is in the domain of f(x)
2. limx->a f(x)

=

a if

and

= f(a)

Piecewise defined functions may be questioned on their continuity.

2.3

One-sided limits and the existence of two-sided limits

If lim = lim = c, then the two sided limit does exist and limx->a f(x)
x->a+

x->a-

=

C.

2.4

Asymptotes

A function with the form f(x)
• Vertical asymptotes:

= ~~~~:

if lim f(x)

or lim f(x)

x-+a

or lim f(x)

x-+a+

x--+a-

= ±oo then

x = a is a

vertical asymptote.
- if h(a)

i- 0 but

g(a) = 0, then x = a is a vertical asymptote

- if g(a) = h(a) = 0, then we need to evaluate the indeterminate form to determine
whether the limit goes to infinity.
• Horizontal asymptotes: if lim or
x-+oo

lim

x--+-oo

= c, then y = c is a horizontal asymptote.

Find the following limits:

Ex 2.1:

li
h~

Ex 2.2: lim
t---O

(h + 3)2 - 9
(h - 5)2 _ 25· (2006)

Jt+9 Vi

3. (2006)

Ex 2.3: Find the number c that makes
x2 - 3x - 10

f(x)=
f(x)

{

x+2

c

i-

-2

if x = -2

continuous for every x. (2006)
X2

Ex 2.4: Find the horizontal asymptote of y
•

Ex 2.5: Find the vertical asymptote of y

3

if x

=

=

-

X -

x2 _ 9

6

(2005)

x2 - X - 6
x2 _ 9 .

Exponential and Logarithmic Functions

3.1

Compound Interest

Principal P, annual interest rate r, the total balance A at the end of t years is:
• A( t) = P( 1 + r)t, if compounded annually.

• A(t)

=

P(l

+ ~)nt,

if compounded n times per year.

3

• A(t) = Pert if compounded annually.
Here we should know a very important limit:
.

lim (1

n-+oo

+ -nT t =

er

This number e is between 2 and 3.

3.2

Exponential and Logarithmic functions

y=bX,b>O

y

=

log, x, b > 0 and b

i=

1

You should know the graph (at least the increasing/decreasing) of these functions when
b > 1 and when 0 < b < 1. Also don't forget the concept of half-life.
convert the base:
bX = aX log.,

b =

eX In b

log; X
log,
where a, b > 0, and a, b

i= 1.

Equations involving exponential/logarithmic

=

• ln f(x)
• ef(x)

=

d: exponentiate, e1nf(x)

lim
n-+oo

5)3n
( n n- .

functions

=1 f(x) = ed 1

d: take logarithm, ln (ef(X))

Ex 3.1: Evaluate

lnx

= loga b = ln b '

X

=1 f(x) =

lndl

(2005)

Ex 3.2: (a)Beth has just put a $500 deposit into a new savings account at the Calculus
Credit Union. The nominal annual interest rate is 4%, compounded continuously.
How long will it take for her deposit to double? (A calculator-ready expression is
enough.)
(b)At the moment that the deposit has just doubled, at what instantaneous rate (in
dollars per year) will the amount of money in the account be growing? Please give a
numerical answer. It can be done without a calculator! (2002)
Ex 3.3: I borrowed $6,000 from a daughter who had taken Math 104, and who therefore
had a preference for continuous compounding. Two years later, she informed me that
my debt had grown to $7,260. So I paid her $4,260, and paid off the rest of my debt
one year later. What was the final payment? (2005)
4

Ex 3.4: Let a be a positive constant. Find the maximum value of (a/x)X
the positive reals. (hard problem 24)

as x ranges over

Ex 3.5: Find all values of the constants A and k for which the function given by y = Aekt
.
~
d
satisfies the differential equation dt; = d~ + y. (Hard problem 20)

4

Definition of derivative and differentiability

4.1

Definition of derivative
rate of change of f(x)

Derivative is the instantaneous

f'(x)

= ~

f(x)

4.2

lim f(x

=

dx

with respect to x:

+ h)

- f(x)

h

h-.O

Differentiability

If the limit

. f(a + h) - f(a)
1im .:.......:.----:'--..:........:.--'h

h-.O

exists and is finite, then f(x) is said to be differentiable at x = a, otherwise it is not. Please
note that linear approximation is only valid for those differentiable functions.
y

= Ixl is not differentiable at x = O.

Ex 4.1: Let f(x)

= --

the derivative.

1

3x+2

= f(x).

Calculate 1'(2) directly from the definition of

(2002)

Ex 4.2: Suppose that 3x
curve y

t- -2/3.

for x

Find

+ 2y

=

lirn
x-.-l

-3 is the equation of the tangent line at (-1,0) to the

f(x).

x

+1

(2005)

Ex 4.3: Use the definition of the derivative as a limit to find the derivative
-1 x3

-

x

,x

t- ~.
No
3

marks will be given for the use of differentiation

of f(x)

=

rules. (2006)

Ex 4.4: The function g(x) is defined by
x3

g(x)
where A and B are constants.
all x? (2005)

= {

+B

Ax

if
if

x

<

1

x 21 '

For what values of A and B is g(x) differentiable for

5
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Differential rules
1. The power rule:

2. Logarithmic/exponential

functions:
,

(lnx)

1

= -

x

3. Trigonometric functions:
(sinx)'

cos x

=

= - sin x

(cos x)'

(tan x)' = sec2 x
(cot x)'

= -

csc2 x

(sec x)'

= secxtanx

(cscx)'

=

cscx cot x

4. Inverse Trigonometric functions:
=

1
~
v1- z-

(arccos x)' =

Jf=X2
1-x

(arcsinx)

,

-1

,

1

(arctan x) = -1--2

+x

(arccot x)'
5. The product/quotient

=

-1
-1--2

+x

rules:

[J(x )g(x)]' =
f(X)]'
[ g(x)

r (x )g(x)

f'(x)g(x)

=

6. The chain rule: If u = g(x) and y = f(u)

=

+ f(x)g'

- f(x )g'(x)
[g(x)J2
f[g(x)]

dy
dy du
dx = du dx
In the prime notation, chain rule can be written as

{f[g(x)]}'

=

6

f'[g(x)]g'(x)

then

(x)

Ex 5.1: If f(x) is a function satisfying f(O = 1 and f'(O) = 4, find the equation of the
tangent line to the graph of g(x) =
1 + 3f(x) at x = O. (2006)
Ex 5.2: For what x does the graph of y

= e3x

+ e-2x

have slope zero? (2006)
X2

Ex 5.3: Find the x-coordinate of all points P such that the tangent line to y = --1

x+

P is parallel to the line x - 2y = 3. (2000)
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Linear and Higher-order approximations and Newton's method

6.1
If f(x)

linear approximation
is differentiable at x

= a, then
f(x)

~ f(a)

+ f'(a)(x

- 1)

near x

= a. This is actually the 1st-degree Taylor polynomial of f(x)

6.2

Newton's method

Given an initial estimate
the solution of f (x) = 0:

XQ,

about x

= a.

we can use the following iteration to find an approximation to
f(xn)
Xn+l

= Xn - f'(xn)'

where n = 1,2, ....

6.3

Higher-order approximation (Taylor polynomial)

If·f(x)
has derivatives at least through order n at x
polynomial of f(x) about x = a is:

=

a, then the The nth-degree Taylor

n

Pn(x)

=

L Ck(X -

a)k,

k=Q

where Ck = f(k~~a).

When n

-4

00,

the resulted infinite series is called Taylor series..

Ex 6.1: Suppose that the profit from producing and selling 2,000 cassettes is $3,000 and
the marginal profit at that production level is $15. Estimate the profit from producing
and selling 2,010 cassettes. (2005)
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Ex 6.2: When the price of a pharmaceutical is P dollars per gram, the monthly demand is
q million grams, where
q(15 + 7p + p3/2) = 500.
We want to use the Newton's method to find the price P for which q = 10. Start with
the estimate Po = 4 and calculate PI (the next estimate). Simplify, and remember that
you are only asked to find PI. (2003)
Ex 6.3: It is desired to use Newton's method to find the value of x at which the function
y = 2ex + x2 - 4x + 1 reaches its minimum value. If you start with Xo = 0, find Xl.
Note that you are only required to find Xl. (1999)
Ex 6.4: It is desired to use Newton's Method to find the value of X where the function
2
f(x) =
+ X + cos (x) has its absolute maximum. Find Xl if Xo = O. (2000)

-:z;

Ex 6.5: Suppose f(x) is a well-behaved function with f(l)
1"'(1) = 3. (2001)

= 2, 1'(1) = 1"(1)

= 0, and

(a) On the basis of the above information, estimate f(1.1).
(b) Would you expect that f(x) has a local maximum, a local minimum, or neither
a local maximum nor a local minimum at X = I? Give reasons for your answer.
Ex 6.6: Let f(x)

be a function with f(c) = 0 for some c near 4.

(a) Suppose that f(4)

= 1/2 and 1'(4)

=

5. Use this information

to estimate c.

(b) Suppose that, in addition to f(4) = 1/2 and 1'(4) = 5, we know that 1"(4) = -1.
Use all this information to obtain another, presumably better estimate of c. (A
calculator- ready answer is enough) (2004 )
21n(

Ex 6.7: Use a Taylor polynomial to evaluate ~~

x) + x2 - 4x + 3
..
(x _ 1)3
. No credit will be

given for solutions not based on a Taylor polynomial.

.7

(2000, ans: 2/3)

First & Second derivative tests

7.1

First derivative tests

Use the sign of f'(x)

to determine where f(x)

• f'(x)

> 0, increasing

• f'(x)

< 0, decreasing

Inflection points and local extrema (where

is increasing and where it is decreasing .

f' (x)

8

changes sign).

7.2

Second derivative tests

Use the sign of f"(x)

to determine where f(x)

• f"(x)

> 0, concave up

• f"(x)

< 0, concave down

Inflection points (where f"(x)

7.3

is concave up and where it is concave down.

changes sign).

Local extrema

• First derivative test. Working for all the cases.
• Critical points

7.4

+ the

sign f"(x).

This method is inconclusive at f"(x)

= O.

Graph sketching

All the above information (plus asymptotes and probably zero points) can be used in graph
sketching.

7.5

Global extrema

• By comparing the function values at critical points and endpoints.
• Single critical point principle.
Ex 7.1: Let f(x) = x3 + 3x2 + 3cx, where c is a constant. find all values of c such that
f(x) is nowhere decreasing. Please justify your answer. (2002)
Ex 7.2: Find the interval on which the function f(x)
Ex 7.3: Where is In(3
Ex 7.4: Let f(x)

=

+ x2)

= x-tan-1(2x)

is decreasing. (2005)

concave up? (2002)

x4 - 4x3. Determine where the graph of f(x)

is concave up. (2003)

Ex 7.5: Find all relative (local) minima and maxima of the function y

= x(lnx)3. (2000)

Ex 7.6: Let e be the base for natural logarithms (e is about 2.7). Define f(x)

f(x) =

by

-1 + 21nx
2
for e :::;x :::;e .
x

Find, in terms of e, the maximum and minimum values taken on by f(x) as x ranges
over the interval le, e2]. Indicate how you know that you have found the maximum
and minimum values. (2003)
9

f (x)

Ex 7.7: Find the global minimum of the function

=

x
over the interval [-1, 5].
x +4

-2--

(2006)
Ex 7.8: Let y = f(x)

2x

= -2-.(2006)
x

+1

1. Find the interval or intervals on which

f(x)

2. Find the interval or intervals on which f(x)

is increasing. [3pts]
is concave up. [3pts]

3. Sketch the graph of y = f(x), and indicate the z-coordinates of any inflection
points, and the values of x where any global maxima or global minima occur.
(Hint: J3 ~ 1.7) [6pts]

+

Ex 7.9: Use calculus to find which is bigger, ()1000001
problem 22.)

8

v'999999)/2 or 1000. (Hard

Implicit differentiation

The relation between x and y is defined implicitly.
Ex 8.1: Find the equation of the tangent line to the curve (x2
point (0,2). (2000)
Ex 8.2: Find the equation of the tangent line to the curve
Write your answer in the from y = mx + b. (2001)

xexy

+ y2)2 +

+y

x!y

= 18 at the

= x2 at the point (1,0).

Ex 8.3: Find an equation for the tangent line to the curve

at the point (2,1) on the curve. (2002)
Ex 8.4: Find the equation of the tangent line to the curve 3xy3
(1,2). 2003

-

4x3y

= 16 at the point

Ex 8.5: The demand q for a good is a function of the unit price p. The elasticity
E (p) is defined by

of demand

pdq
E(p) = ---.
qdp

Assume that p and q satisfy the demand equation (q
of demand when p = 2, that is, find E(2). (2004)

+ 20)p

= 200. Find the elasticity

Ex 8.6: In a certain market, the price x of gasoline and the price y of diesel fuel, both in
dollars per gallon, are connected by the equation

10

It is easy to verify that if gasoline costs $4 a gallon, then diesel fuel costs $3 a gallon.
Use a suitable linear approximation to estimate the price of a gallon of diesel fuel if
gasoline costs $4.10 a gallon. Simplify as much as possible. (2004)
Ex 8.7: Find the equation of the tangent line at (0,1) to the curve xe" +y3 = cosx. (2005)
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Related rates

When x(t) and y(t) are related, their rates are related as well.
Ex 9.1: A particle is travelling along the curve 3y = x3 + 5. If the particle's distance from
the origin is increasing at the rate of 3 units per second, how fast is the particle's zcoordinate increasing at the instant that the particle reaches the point (1, 2)? (2005)
Ex 9.2: The price p (in dollars) and demand q for a product are related by
p2

+ 2q2 =

1100.

If the price is increasing at a rate of $2 per month when the price is $30, find the rate
of change of the revenue in dollars per month. (2006)
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Applied optimization

Analyze the word problem and identify the function to optimize.
Ex 10.1: Find the value of x where the slope of the tangent line to the function y = x3ln(x)
is a minimum. (2001 Final)
Ex 10.2: When the price of generic cat food is p dollars per kilogram, the monthly demand
is q million kilograms, where
Find the price p that maximizes total revenue R from sales of generic cat food. You
may omit verifying that your price yields maximum revenue. (2003 Final)
Ex 10.3: You own a hockey card collection worth $15,500. Its value is predicted to increase
steadily at the rate of $1000 a year. You will always be able to invest money at 5%
compounded continuously. From the asset growth point of view, how many years
from now should you sell the hockey card collection and invest the proceeds? Please
explain your reasoning. (2003)
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Ex 10.4: It costs a firm C(q) dollars to produce q grams of its product per hour, where
C(q)

=

q3

3 - 5q2 + 34q + 12.

The firm can sell any quantity of its product for $25 per gram. How many grams
should the firm produce per hour in order to maximize profit? Verify that your
answer actually does maximize profit. Be sure to take into account the possibility
that q = O. (2005 Final)
Ex 10.5: The cost, in fuel and wear and tear, of operating a light truck at a steady speed of
v miles per hour is 0.20 + 6~O dollars per mile. This does not include the driver's pay.
The driver's wage is 6 dollars per hour. at what steady speed should the truck make
a 300 mile freeway trip in order to minimize the total cost of the trip - operating
cost plus payment to the driver? (2003, 2005 Final)
Ex 10.6: You own a tract of land. Assume that for any t 2 0, you will be able to sell this
land t years from now for eVt/4(millions of dollars). Assume also that you will always
be able to invest money in bonds that yield 5% compounded continuously.
You plan to sell the land at some time t, where 0 ::; t ::; 20, and invest the proceeds
in bonds for the remaining 20 - t years. What should t be in order to maximize
the amount of money you will have 20 years from now? Please calculate an explicit
numerical answer. You may omit verifying that your choice of t yields the maximum
amount of money. (2004, 2005 Final)
Ex 10.7: Points P and Q are chosen on the curve x4 + 16y4 = 1 in such a way that the
distance PQ is as large as possible. Find that distance. (Hard problem 27.)

